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BALTHAZAR VAN DER POL 
M. L. CARTWRIGHT. 


Balthazar van der Pol died on October 6, 1959, at Wassenaar, Holland. 
He was a pioneer in the field of radio, and a well-known personality in 
the field of international telecommunications, but he also pursued the 
mathematical problems encountered in radio work so far that his work 
has formed the basis of much of the modern theory of non-linear 
oscillations, and he has given his name to the most typical equation of 
that theory. 

Balth van der Pol was born at Utrecht on January 27, 1889; the son 
of Balthazar van der Pol and G. C. Steffens. He studied at the University 
of Utrecht from 1911 to 1916 and graduated 1916 cum laude in Physics. 
In that year he came to England to study under Professor J. A. Fleming 
at University College, London, and proceeded to Cambridge in 1917 to 
work at the Cavendish Laboratory under J. J. Thomson, where he met 
Appleton, with whom he had much in common at that stage. On June 22, 
1917, in London he married Pietronetta Posthuma, who survives him; 
he had two daughters and a son. 

On returning to Holland he submitted a thesis on ‘‘ The effeot of an 
ionised gas on electro-magnetic wave propagation and its application to 
radio, as demonstrated by glow-discharge measurement”, for which he 
was awarded the degree of doctor of science cum laude by the University 
of Utrecht on April 27, 1920. From 1919 to 1922 he was assistant to 
Professor H. A. Lorentz in the research laboratory of Teyler’s Institute, 
Haarlem, and in 1922 he was appointed head physicist in the research 
laboratory of N.V. Philips’ works at Eindhoven, where he later became 
director of scientific radio research. In 1927 he was made a Knight of 
the Order of Oranje Nassau for establishing the first radio-telephonic 
communication between the Netherlands and the Dutch East Indies. He 
remained at Philips until 1949, and concurrently with his appointment at 
Philips he held the professorship of theoretical electricity at the Technical 
University, Delft, from 1938 to 1949. From 1945 to 1946 he was in 
addition President of the Temporary University at Eindhoven which was 
founded to replace other Netherlands universities in occupied territories, 
and for his work as president he was made a Knight of the Order of the 
Netherlands Lion in 1946. 

From 1949 to 1956 he was Director of the Comité Consultatif Inter - 
national des Radiocommunications (C.C.I.R.) in Geneva, and as the 
permanent executive officer of the C.C.I.R. he was the technical adviser 
to the International Telecommunications Union (I.T.U.) on the planning 
and development of radio communications during the post-war years. 
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After his retirement he held a temporary professorship at the University 
of California, Berkeley, for a year and then the Victor Emanuel Professor- 
ship at Cornell. 

He was an outstanding figure in the various societies established to 
promote the study of radio. He became a member and then fellow and 
life member of the Institute of Radio Engineers (U.S.A.) in 1920; he was 
Vice-President of it in 1934, and was awarded its Medal of Honour in 1935 
for contributions to circuit theory. He was a Founder-member of the 
Nederlandsch Radiogenootschap, for a time its President, and later an 
honorary member. From 1934 to 1952 he was Vice-President of the 
Union Radio Scientifique Internationale (U.R.S.I.) and from 1957 to 1959 
he represented it on the Executive Board of the International Council of 
Scientific Unions. He travelled widely in connection with his work, 
attending plenary sessions of the U.R.S.I. or telecommunications’ confer- 
ences nearly every year in various foreign countries. 

He was an honorary member of the Institute of Radio Engineers of 
Australia. Many foreign academies and universities also honoured him; 
the Danish Academy of Technical Sciences awarded him the Valdemar 
Poulsen Gold Medal in 1953 for outstanding contributions to radio- 
technics and particularly for research in the field of electro-magnetic 
oscillations and wave-propagation and for international scientific coopera- 
tion and organization of technical questions relating to radio communica- 
tion; the Technical University of Warsaw gave him an honorary degree 
in 1956, and the University of Geneva in 1959, and the French Academy 
of Sciences made him a Corresponding Member in 1957. 

He was well liked and respected by the vast nuniber of friends with 
whom he came in contact throughout the world. He never spared himself 
in his devotion to the pursuit of knowledge and human understanding on 
a wide international basis, and though primarily a physicist he had a 
special feeling for the mathematical aspects of his own subject and for 
the theory of numbers in itself. 

The scientific honours which came to van der Pol were, as has been 
stated, for his contribution to physics, and his best known mathematical 
work also had its roots in physical experiments. In the early days he did 
a good deal in collaboration with Sir Edward Appleton, who writes as 
follows :— 


“ Van der Pol’s radio work was begun at Cambridge and was under 
two heads, experimental and theoretical. We can say that Heaviside 
had ‘invented’ the ionosphere to explain Marconi’s remarkable trans- 
mission by radio over the Atlantic in 1901. In his theoretical work 
van der Pol gave a quantitative proof that, if one neglected the influence 
of a reflecting layer, experiment and theory were in flagrant disagree- 
ment in the case of long-distance propagation. ‘To do this van der Pol 
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familiarised himself with the theoretical work on the diffraction of 
radio waves round a conducting earth and used this to make a direct 
comparison between (a) signal strength predicted and (b) signal 
strength received, in a practical case of radio transmission. The 
paper in question is in the Phil. Mag. Sept. 1919 [3] and is worth 
consulting. (The ionosphere was not actually ‘discovered’, and 
located, until 1925, when Appleton and Barnett had finished their 
work.) 

People had already begun to speculate as to the nature of the 
process by which radio waves were deviated by the ‘invented’ iono- 
sphere, or Heaviside Layer, as it was then called. True reflection is 
due to a sharp discontinuity of properties—sharp within a wave-length 
that is. But the idea of ionic (or electronic) refraction was also 
mooted by Eccles (see van der Pol’s Phil. Mag. paper) and this required 
that the refractive index of the ionised medium should be less than 
unity. In glass it is greater than unity. The relevant formula for an 
ionised medium is 


_ ArNe? 
mp? ’ 


= pl 


where K = dielectric constant, u = refractive index. Van der Pol’s 
experiment was to show that the dielectric constant of ionised gas 
(electric gas discharge tube) became less than unity as N increases; 
and ultimately can become negative with larger N. In this work 
van der Pol showed great experimental skill. He made his own 
apparatus, as was customary in those days of J. J. Thomson. His 
triode oscillator gave him waves of about 3 metres, which was about 
as short as anyone else had produced in those days. AU this work 
on the dielectric constant of ionised air formed the basis of his Doctor’s 
thesis. 

It was round about this same period that van der Pol and I 
collaborated in the study of non-linear phenomena using triode circuits 
to check our theories. Together we worked at (a) oscillation hysteresis 
and (b) forced vibrations in a non-linear system. Van der Pol’s work 
on relaxation oscillations was, of course, entirely his own.” 


Van der Pol’s contributions to the mathematical theory of non-linear 


oscillations fall into four main groups all connected in some way with 
the differential equation of the triode oscillator in the form which now 
bears his name: viz. 


x—k(1—2?)a+x2=0, k>0, 


or with a forcing term 


2—k(1—2?) +x = bkà sin àt. 
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In 1920 [5] he formulated the equations of the triode oscillator in the form 


di d? l d l , 
(3) gto t HG ty =o t= Hho). 


In the experiments with which he was concerned the function (kv) 
appeared to be very nearly linear, but had a slight curvature so that he 
assumed 


(4) b(kv) = —av+ pty, a>0, y>0. 


The extraordinary feature of the experiments and of the equation (1) is 
that there is one and only one stable periodic motion of finite amplitude 
and all other solutions of the equation tend to it, except the trivial solution 
x= 0, or v = 0, as the case may be. This behaviour is quite unlike that 
of the solutions of any linear equation and remains true for (1) however 
small k is and however nearly sinusoidal v is in (3) provided that (4) holds. 
It is this phenomenon which has made the equation (1) so famous. 
Assuming that v = a sin wt and w? = 1/(LC) approximately, van der Pol 
using a method given by Lorentz in lectures at Leiden showed that 


4 l 
2——[(a— 
(5) a? = g (a z) 
and obtained the frequency correction 
1 a B 
Gt 
(6) o=TO 3CF 


Since the approximations showed that the term fv? has little effect on the 
amplitude a, in most of the later work it was assumed that B=0. In 
this case by simple changes in the parameters and variables (3) can be 
reduced to the form (1) which will be used in what follows. Other forms 
in which (kv) is represented by a polynomial with 5 or more terms were 
considered by Appleton and van der Pol from the experimental point of 
view, and by Appleton and Greaves*, and by Greaves, from the strictly 
mathematical point of view. In some of these there is more than one 
non-zero periodic solution. 

A slowly varying amplitude had been used by Appleton and van der 
Pol [26], but the method of slowly varying amplitudes, sometimes called 
the method of van der Pol, was a further development by him for dealing 
with the case of forced oscillations in which the period of the forced 
oscillation is very near that of what corresponds to the free oscillation 
in the linear case; that is to say, when the equation for forced oscillations 
has been reduced to the form (2), it is the case in which & is small and 


* See [18], where a complete account of the theory of non-linear oscillations up to 1934 
is given with numerous references. 
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A near 1. There are several interesting physical phenomena connected 
with this case when the parameters corresponding roughly to b and A 
vary, in particular synchronisation, or the suppression of the free oscilla- 
tion by the forced near resonance. Some of these with a brief mathe- 
matical treatment were discussed by Appleton*, but the method used by 
van der Pol in [8] and [16] formed the basis of a very great deal of later 
work, especially in the U.S.S.R. It consists in putting 


z =a, COS t+ a, sint, 
and assuming that a,, a, vary slowly; in this way he obtained equations 
of the form 


(7) dy = Aj (Ay aa), a, = Ap (a4, a2), 

where A,, A, are polynomials. Although van der Pol was able to deal 
with many of the phenomena observed, he pointed out some for which 
only a complete solution of his equations of the form (7) could establish a 
complete connection between the observed results and the mathematics. 
This point was taken up by Andronov and Witt* working under 
Mandelstam and Papalexi, who applied the topological methods of 
Poincaré and Bendixon to the particular equations involved, and thus 
initiated one of the main developments of the subject from the point of 
view of pure mathematics. The Russians, somet using amplitude and 
phase instead of separate amplitudes, developed the method analytically 
for more general equations with small non-linear terms, and gave a 
rigorous treatment of many of the results about periodic and almost 
periodic solutions, using the results of Fatou and Denjoy. 

In his paper [9] on “ Relaxation Oscillations” van der Pol was the 
first to discuss oscillations which are not nearly linear. He set out physical 
arguments, which in fact correspond closely to the real variable arguments, 
for the equation (1) to have, for all k > 0, a single stable periodic solution, 
and he obtained graphical solutions for k = 1 and k = 10, by means of the 
(x, y) or phase plane, where y=. The equation (1) is then written 
yh =k 
and the periodic solution appears as a limit cycle of Poincaré, but van der 
Pol did not use the name limit cycle or refer to Poincaré. He also 
obtained the following relations for the periodic solution of (1) which hold 
for all k: 


(1—2?) y—y, 


[ xtae— | atar—(aeae—| eza, 


* E. V. Appleton, Proc. Cambridge Phil. Soc., 21 (1922), 231-. 

* Soo A. Andronov and A. Witt, Archiv für Hlectrotechnik, 24 (1930), 99-110. 

+ See N. Kryloff and N. Bogoluiboff, “‘ Introduction to non-linear Mechanics ” (Annals 
of Maths. Studies, 1943, 87-99). and reference 16 given there. 
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where the integration is over the period. The last is obtained by multi- 
plying by x and integrating, and the others by using x and | x instead of x. 


Finally van der Pol was also very much interested in the form of the 
periodic solution of (1) for & large, and obtained an approximation for 
the period 2k(3—log 2), which is large for k large, and he discussed many 
physical and biological systems, including the human heart, having 
oscillations with similar features. The oscillation consists of rather 
square-headed wave, a slow descent from about x= 2 to near r= 1 
followed by a rapid descent to about «= —2, and a corresponding half- 
wave from x = —2 to «= 2 and the higher harmonics are by no means 
negligible. Many people consider that most of the corresponding physical 
phenomena are better represented by solutions of two differential equa- 
tions of the first order connected by some other relations at the points 
z= +2, x= +1, where x is discontinuous. Van der Pol made sugges- 
tions about the equation (2) for k large and varying À or b which led to 
most interesting developments in pure mathematics. Starting from the 
idea of a relaxation oscillation, van der Pol with van der Mark [27] con- 
structed a system corresponding roughly to equation (2) with k large, and 
produced in it subharmonics of the forced oscillation bk AÀ sinAt. More- 
over, by increasing and decreasing A they found that two subharmonics 
with different periods could occur for the same values of the parameters. 
Although, as he explained to me later, the system was very unsymmetrical 
(which explained the subharmonics of even order which were observed), 
he was right in suggesting* that similar phenomena occurred for (2), and 
this was the starting point of much of the work of Littlewood} and myself 
including many topological results. 

Van der Pol did much to popularize his subject; he was an engaging 
lecturer, and often took the opportunity of bringing together phenomena 
over a wide field of science which could be elucidated by a single mathe- 
matical relation such as the equation for relaxation oscillations. His 
summary [18] of work on non-linear oscillations up to 1934 was a quite 
masterly account of the theory up to that time. It gives many references, 
including some to Russian work, but it only seems to have been observed 
later that if K <0, K’ > 0 Rayleigh’s equation} 


64 K6+K’ 64n26 = 0 | 
can be reduced to (1) by differentiating and putting nt = 7, x = (3K'[ K|} 9. 
Rayleigh’s treatment however does not go much further than a rough 
approximation for the amplitude. 


* See [18], 1080, 1081. 

t See J. E. Littlewood, Acta Math., 97 (1957), 267-308, where furthor references will 
be found. 

t Lord Rayleigh, Phil. Mag., 15 (1883), 229-235. 
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The book by van der Pol and Bremmer on the Operational Calculus is 
an interesting treatment of one of the methods which are useful for linear 
differential equations, but the method is probably not the most popular 
one in use nowadays, at any rate in this country. 

In his later years van der Pol became very keenly interested in the 
theory of numbers, and Rankin writes :— 


“ Of van der Pol’s papers on the theory of numbers [2] is perhaps 
the best known. In it he combined his knowledge of radio technology 
and number theory to advantage. In order to investigate the 
behaviour of the Riemann zeta-function ¢(s) on the line Res=4 
he derives the formula 


(3+) 
atu 


The ‘saw-tooth’ function within the braces was cut on the circum- 
ference of a paper disk and a beam of light was projected past the 
teeth on to a photocell. The electric current so produced eventually 
yielded a record, rather like an anemometer trace, of the modulus of 
t(4-it), from which the first 73 zeros could be read off with decreasing 
accuracy for increasing values of t. 

The branch of number theory, however, which lay closest to his 
heart was the theory and applications of theta-functions. His 
published work on this subject is contained in four papers [1, 6, 7, 9]; 
mention should also be made of his highly individual ‘ Lectures on a 
modern unified approach to elliptic functions and elliptic integrals’ 
(mimeographed notes) given at Cornell University in 1958. 

In [6] he gave an extremely neat, elegant and quite elementary 
proof of the relation 


= E {e-* [e7] — en ezit dax. 


6,4 = Oot +04 


by dividing the lattice of integral points (m, n) into two sublattices 
according to the parity of m+n. The other three papers [1, 5, 9] 
are concerned with relations between powers of theta-functions and 
other modular forms such as Eisenstein series, the modular invariant 
and the modular discriminant; these relations include differential 
equations as well as algebraic equations. Perhaps the most important 
idea in these papers is the introduction of the function 


My, = 64+ 64+ (—B58)*, 
which satisfies the recurrence relation 
Myi3—3M,, Mii —3 M3 My = 0, 


and in terms of which other modular forms can be simply expressed. 
Mathematicians who attended the International Congress at 
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Amsterdam in 1954 will also remember van der Pol from the ‘ Gaussian 
prime tablecloths’ displayed there. In two papers [7, 8] he studied 
the patterns made. by the Gaussian primes and by primes in the quad- 
ratic field k(p) generated by a primitive cube root p of unity. These 
patterns were obtained by marking the position of a prime number in 
the complex plane by a black square and black hexagon respectively. 
For k(p) his diagram contains all primes with norm less than 10,000.” 


On the occasion of the award of the Valdemar Poulsen Gold Medal 
of the Danish Academy he delivered a lecture on ‘‘ Radio Technology and 
the Theory of Numbers” [4] in which he describes eight problems from 
radio technology whose solution demands a knowledge of number theory. 

From his early years van der Pol was a keen musician; he played the 
piano, violin and violoncello, and when he was a student he composed a 
little. He gave an extremely interesting lecture on mathematics and 
music at the St. Andrews Colloquium in 1955. He possessed absolute 
pitch to an astonishing degree of accuracy which he measured scientifically 
over a long period. He used to sing middle C each morning when entering 
his office and have it checked on some electrical machine. The standard 
deviation of his error was amazingly small, but I do not know the precise 
figure. 
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